We consider a transmission line resonator which is driven by electrons tunneling through a voltagebiased tunnel junction. Using the Born-Markovian quantum master equation in the polaron basis we investigate the nonequilibrium photon state and emission spectrum of the resonator as well as properties of the transport current across the tunnel junction and its noise spectrum. The electroluminescence is optimized, with maximum peak height and narrow linewidth, when the backaction of the tunnel junction on the resonator and the decay rate of the resonator are similar in strength. For strong coupling between the resonator and tunnel junction, multi-photon effects show up in the noise spectrum of the transport current.
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I. INTRODUCTION
Circuit quantum electrondynamics (cQED) of on-chip solid-state systems coupled to a microwave resonator has attracted much attention. The investigations were stimulated by the possibility of strong coupling between a superconducting qubit and a transmission line resonator [1] [2] [3] . This allowed demonstrating phenomena known from quantum optics in the solid-state systems with unprecedented quality. Some of the examples are vacuum Rabi splitting 2, 3 , further advanced applications of quantum state engineering [4] [5] [6] , as well as single-qubit lasing and cooling [7] [8] [9] .
The development of cQED is not restricted to superconducting systems but has also been extended to solid-state devices composed of gate-defined semiconductor quantum dots or multi-dot systems coupled to resonators [10] [11] [12] [13] [14] [15] [16] . Of particular interest is the interplay of the electrons tunneling through the dots and the excitation of photons in the resonator. Single electron tunneling through a double dot setup can produce a population inversion and induce a lasing state in the electromagnetic resonator 10, 11 , which is accompanied by pronounced features such as super-or sub-Poissonian noise of the transport current 16 . For a simpler system, a resonator driven by electrons tunneling through a single quantum dot, the nonequilibrium photon population has also been investigated 13 .
Continuing to even more basic systems, the question arises, what is the nonequilibrium photon state created in the resonator by electrons tunneling across a single junction without intermediate quantum dots. Recently, such a system has been investigated experimentally, and the resonator was found to influence the finite-frequency shot-noise of the transport current through the junction similar as a thermal electromagnetic environment 17 . A study of nonequilibrium effects in the resonator which is strongly coupled to a biased tunnel junction has, to the best of our knowledge, not yet been performed, although the setup may find wide applications. For instance, the system has been used as an effective charge detector for single-shot read-out of quantum-dot based qubits [18] [19] [20] [21] , and as a displacement detector which can resolve the momentum and position of nanomechanical resonators with high precision [22] [23] [24] [25] [26] . Recently, it has been proposed that a tunnel junction can be used to generate squeezed light and microwave photon pairs 27, 28 . In this work we study the nonequilibrium photon state in a transmission line resonator which is strongly coupled to the electrons tunneling through a tunnel junction (TJ). We focus on the electroluminescence of the excited photons in the driven resonator, as well as the transport current through the tunnel junction and its noise spectrum. In Sec. II, we introduce the model of the TJ-resonator circuit and present the quantum master equation describing the dynamics of the coupled system. We investigate the system in Sec. III for moderately strong coupling, where single-photon processes dominate the dynamics. In this limit we find analytic results. We then study numerically in Sec. IV multi-photon effects
The operator of the tunnel junction is
refers to the resonator. For later use we introduce the correlation functions of the bath accounting for forward (L to R) and backward tunneling,
Here ... B stands for the statistical average over both electron reservoirs. They are assumed to be in thermal equilibrium, in which case the correlators reduce to
Here we introduced the Fermi-Dirac function of the α-lead f
We focus on the limit of a tunnel junction, where the tunneling probabilities of each channel are much smaller than unity, and we assume momentumindependent tunneling amplitudes t kk ′ = t. In combination with the densities of states ν α of the α-reservoir they determine the tunneling resistance R and the dimensionless tunneling strength η = 1/(2e 2 R) = π|t| 2 ν L ν R . We assume η ≪ 1 to be small. The bath correlators in Fourier space
They account for forward and backward tunneling processes with energy absorption (ω > 0) and emission (ω < 0). Here eV = µ L − µ R is the applied bias voltage across the tunnel junction.
B. Quantum Master Equation
Starting from the total density operator ρ tot (t) of the combined TJ-resonator system one obtains the reduced density matrix of the resonator by tracing out the bath degrees of freedom of the two electronic reservoirs, ρ(t) = tr B [ρ tot (t)]. Treating H ′ (t) as perturbation and expanding up to second-order leads to the Born-Markovian master equatioṅ
While the first term describes the coherent evolution, the second is the standard decay term of the resonator with the decay rate κ, and the third term accounts for the effect of the tunnel junction. They are given by
Here n th = [exp(βω r ) − 1] −1 is the thermal photon number in the resonator, and we introduced the operators
The further calculations are done in the basis of Fock states, H r |n = nω r |n , of the photons in the resonator, for which the operator entering the coupling Eq. (3) is expressed as Q = nm Q mn |m n| Q mn = m|e −λ(a † −a) |n . Correspondingly, the elements of the operator Q ± are calculated via m| Q ± |n = C (±) (±ω mn )Q mn , with ω mn ≡ (m − n)ω r and C (±) (±ω mn ) given by Eq. (5). Based on this master equation, the emission spectrum of the resonator,
as well as the second-order correlation function in the stationary limit g
2 , can be calculated via the quantum regression theorem 29 . Starting from I(t) = −e d n R (t) /dt with n R = k c † Rk c Rk we obtain the transport current 30 I(t) = Î (t) = Tr Î ρ(t) with current operatorŝ
From this we calculate the average current I(t) and the current noise spectrum
with δÎ(t) =Î(t) − I. The noise spectrum can again be calculated using the quantum regression theorem.
In the present work we consider a high-quality resonator with Q factor assumed to be 2 × 10 4 , corresponding to a decay rate κ = 5 × 10 −5 ω r . It is much smaller than both the tunneling rate and coupling strength, i.e., κ/ω r ≪ η, λ.
III. MODERATE COUPLING STRENGTH
For weak to moderate coupling strength λ ≪ 1 (but still κ/ω r ≪ λ) we proceed in an expansion up to 2nd order, i.e.
2 . For definiteness we assume low temperatures, where the electrons tunnel only from the left to the right lead without the reverse process, and the number of thermal photons in the resonator vanishes, n th = 0. In this case the quantum master equation for the oscillator reduces toρ
with rates Γ ± = λ 2 C (+) (±ω r ). In the considered limit we could make use of the rotating wave approximation. The resulting master equation (10) accounts for singlephoton processes, i.e. processes where electrons tunneling through the junction are associated with the emission or absorption of a single photon in the resonator with rates Γ − and Γ + , respectively. Interestingly, the second order term of the expansion of Q does not modify the master equation, however, it does modify the average current to be studied later. From Eq. (10) we see that the resonator is subject to an effective decay rate
and the average photon number is
Here, Θ is the step function,n = a † a = n nP n with P n = ρ nn . The corresponding photon distribution, P n ≈ n n /(1 + n ) n+1 coincides with a Bose-Einstein distribution with effective temperature
This result coincides with the intensity distribution of classical chaotic light 32, 33 . A similar result has been obtained in Ref. 13 for a resonator driven by electrons tunneling through a single quantum dot.
For the second-order correlation function we get
It displays bunching, g (2) (0) = 2, for vanishing delay time and approaches g (2) (τ → ∞) = 1 for long delay time, when no correlations exist between the excited photons.
From the master equation we further get the emission spectrum of the resonator,
Results are shown in Fig. 2 . With increasing coupling strength λ, or tunneling strength η, the height of the peak first increases and then decreases with simultaneous broadening of the linewidth. The maximum height of the peak at ω = ω r is When the parameters satisfy the relation
the peak height is largest, with S max r (ω r ) = (eV − ω r )Θ(eV − ω r )/(2κω r ), while the linewidth is still narrow, (κ eff ) p /2 = κ. This means that we find an optimal electroluminesence when the dissipative rate induced by the tunnel junction (4ηλ 2 ω r ) is similar to the decay rate of the resonator (κ).
In the considered limit (i.e., up to λ 2 ) we get from Eq. (8) and Eq. (9) the average current, (17) and the current noise spectrum around ω = ±ω r , (18) with the coefficient
. Below the onset of single-photon processes the transport current is suppressed by the coupling to the resonator. This effect is described by the Franck-Condon factor which renormalizes the tunneling rate 13 , by a factor (1 −
)
2 . Above the threshold, when photons can be exited the current grows as described by the second term. The noise spectrum further demonstrates the interplay of electrons tunneling through the junction with the emission and absorption of photons in the resonator. This combination leads to a dip in the spectrum, shown in Fig. 3 , at ω = ±ω r . The dip gets deeper, i.e. |S(ω r ) − 2eI| ≈ 2|c 1 |/κ eff increases, with growing coupling or tunneling strengths. The corresponding linewidth, κ eff is consistent with that of the emission spectrum.
A comparison with the numerical solution of the full problem, presented in the following section, shows that analytic results obtained so far for weak to moderate coupling strength are valid as long as λ 0.2. 
IV. ULTRASTRONG COUPLING
We turn now to the so-called ultrastrong-coupling regime where the coupling strength between tunnel junction and resonator is of the order of the resonator frequency. Values which we consider realistic, and for which the present method is valid, are 0.1ω r < g ω r (i.e., 0.2 < λ = 2g/ω r 2). Although more difficult to realize in an experiment, this limit displays interesting new properties.
In this regime, the single-photon approximation obtained from an expansion up to order λ 2 and analyzed in Sec. III, is no longer sufficient. Instead two-and multiphoton processes associated with the excitations of multiple photons which follow from expanding Q = e −λ(a † −a) to higher orders in λ get important. In order to study these processes we solved the equations introduced above numerically without further approximations. In contrast to the single-photon limit, the average photon number, as shown in Fig. 4 , in general depends nonlinearly on the bias voltage and even decreases with increasing coupling strength. The nonequilibrium photon state is similar to that found when the resonator is driven by electrons tunneling through a single quantum dot, studied in Ref. 13 . The state of the photons in the resonator deviates from a thermal state. E.g., as shown in the inset of Fig. 4 (b) the second-order correlation function deviates from the value g
thermal (0) = 2 which we would find for a thermal (chaotic) state.
The effect of the multi-photon processes on the transport current becomes significant with increasing coupling strength and manifests itself in a nonlinear-dependence on the bias voltage as shown in Fig. 5 (a) . Simultaneously, the multi-photon effects enhance the current fluctuations and induce the super-Poissonian behavior in the zero-frequency shot noise shown in Fig. 6 (a) . The multiphoton effects can also be observed in the current noise spectrum. In an expansion up to fourth order in the coupling we obtain the noise spectrum near ω = 0 and ω = ±2ω r ,
with positive coefficients c 0 > 0 and c 2 > 0. The twophoton processes lead to peaks in the noise spectrum at ω = 0 and ω = ±2ω r with linewidth determined by κ eff , as shown in Fig. 6 (a) and (c). Compared to the dip at ω = ω r , the peaks at ω = 0 and ω = ±2ω r are more sensitive to the coupling strength, as the comparison of Figs. 6(a), (b), and (c) demonstrates. Three-photon effects, which we find by expanding further, lead again to a dip in the noise spectrum at ω = ±3ω r , as shown in Fig. 6 (d) , with properties similar to the one-photon signal. We expect that the noise spectrum shows alternating dips and peaks for odd-(at ω = (2n + 1)ω r ) and evenphoton-number processes (at ω = 2nω r , n = 0, 1, 2 · · · ), respectively.
V. SUMMARY
In summary, we have investigated the hybrid system of a transmission line resonator strongly coupled to a tunnel junction. The study is based on a Born-Markov master equation in the polaron limit, which accounts for the nonequilibrium state of the resonator. We presented results for two regimes of coupling strength between resonator and tunnel junction, characterized by single photon-or multiple photon-processes, respectively.
For weak to moderate coupling, i.e., in the singlephoton limit, we obtained analytical results at low temperatures for both the average number of the excited photons and the average current with threshold behavior once the bias voltage allows the excitation of photons. The photon distribution can be parametrized by a thermal one with an enhanced effective temperature. For the electroluminesence of the resonator we found the optimal conditions, with maximum height of the peak and still narrow linewidth, when the resonator damping due to the tunnel junction is comparable in strength to the intrinsic decay rate of the resonator. The current noise spectrum shows a pronounced dip at the resonator frequency. These phenomena could be easily tested, since all the parameters are within reach of current experiments 2, 12, 14, 17, 27, 28, 34 .
In the ultrastrong-coupling regime, multi-photon effects can be observed. The effect of the tunnel junction on the resonator can no longer be described by an effective heating. The average number of photons excited in the resonator, which first increases, eventually even decreases with increasing coupling strength. The multiphoton effects are most pronounced in the noise spectrum of the transport current in the junction. In addition to the dips at ω = ±ω r it shows peaks and dips at ω = ±2ω r and ω = ±3ω r and so forth due to the interplay of the electrons tunneling through the junction associated with the emission and absorption of two-photons and threephotons in the resonator, respectively. The current voltage characteristic shows threshold behavior at voltages eV taking values which are multiples of the resonator frequency. While least spectacular this effect might be most easily observed in experiments.
